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Abstract 

The purpose of this paper is to prove that each of the following con- 
ditions is equivalent to that the foliation T is riemannian: 1) the lifted 
foliation T r on the r-transverse bundle v T T is riemannian for an r > 1; 
2) the foliation on a slashed v^T is riemannian and vertically exact 
for an r > 1; 3) there is a positively admissible transverse lagrangian on 
a vl J-, for an r > 1. Analogous results have been proved previously for a 
transverse jet bundle. 

1 Introduction 

Some conditions that a foliation be riemannian are proved in previous papers [4, 
5, 8, 10, 11]. The conditions in [8, 10] involve the existence of suitable admissible 
lagrangians or transverse metrics on transverse jet bundles. The aim of this 
paper is to study similar problems as in [10], but on higher order transverse 
bundles. From [10] we use some notions relating foliated bundles and the basic 
result stated in Proposition 3.1. Deeper properties of transverse hamiltonians 
are studied in [12], that can be a model in a study of some geometric objects 
considered in the present paper. 

The interest in the problem to recognise riemannian foliations has initially 
the origin in a special case of a problem presented by E. Ghys in Appendix E 
of P. Molino's book [6] (see [4, 5, 10, 8] for more details), but the interest in 
the problem we deal in this paper is beyond this case. Some other aspects of 
the problem can be stressed. First, the leaves of a foliation T are compact, 
then the leaf spaces MfT is a Satake manifold (or a V- manifold, in the original 
terminology of Satake), one of the first known non-trivial orbifold. The existence 
of a transverse lagrangian or hamiltonian would be interesting to be studied on 
such generalized manifolds, together with their physical properties, even in the 
case of the normal bundle of a foliation studied in [8]. Second, by Proposition 
2.4 below, the existence of a transverse regular lagrangian of order r, that has 
a positively defined hessian, gives rise to a transverse riemannian metric on 
the tangent bundle of order r + 1 (sec [3] for the non- foliated case). Also, a 
transverse metric of a riemannian foliation lifts to a transverse metric to the 
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lifted foliation on the normal bundle of order r, that becomes a riemannian 
foliation (see Proposition 2.5 for a simple construction). Thus it is natural 
to consider the following problem: under which conditions the existence of a 
regular and positive lagrangian or of a transverse metric on the normal bundle 
of a higher order transverse foliation assures that given foliation is riemannian? 
A similar problem is studied for transversely parallelizablc foliations in [11], then 
the general case of transverse jet bundles in [10]. 

The first main result proved in this paper asserts that the lifted foliation on 
a transverse bundle of some order r > 1 is riemannian iff the given foliation 
is riemannian (Theorem 3.1). A simple consequence is that a foliation T is 
a riemannian one, provided that the lifted foliation T r is transversely paral- 
lelizablc or almost parallelizable. The proof of Theorem 3.1 can not give any 
answer to the following question: when is T riemannian if the foliation induced 
on v T J r \Il_i{u r ~ 1 T) is riemannian for some r > 1? We give some answers to 
this question, as follows. The lifted foliation Fq on a suitable slashed bundle 
v\F of the r-normal bundle v r F is riemannian and vertically exact for some 
r>\ iff F is riemannian (Theorem 3.2). In Theorem 3.3 we prove that there 
is a positively admissible lagrangian on v T F for some r > 1 iff the foliation F 
is riemannian. These three Theorems are analogous to [10, Theorems 1.1, 1.2 
and 1.3], proved in the case of transverse jet bundles. 

As a conclusion, the results in this paper, together with that proved in [10] for 
transverse jet bundles, confirm that imposing some minimal conditions in each 
case on some higher order lagrangians, the given foliation must be riemannian; 
thus riemannian foliations are necessary setting to study certains transverse 
lagrangians, subject to some natural conditions, considered on jet transverse 
bundles or on higher order transverse bundles of a foliation. 

2 Basic notions and constructions related to the 
higher order transverse bundles of a foliation 

Let M be an n-dimensional manifold and J be a /c-dimensional foliation on 
M. We denote by tT and vT the tangent plane field and the normal bundle 
respectively. A bundle E over M is called foliated if there is an atlas of local 
trivialisations on E such that all the components of the structural functions are 
basic ones. In this case a canonical foliation Te on E is induced, having the 
same dimension k, such that p restricted to leaves is a local diffeomorphism. In 
particular, we consider affine and vector bundles that are foliated. For exam- 
ple, vT is a foliated bundle and a natural foliation on vT can be considered. 
According to [10], a positively admissible lagrangian on a foliated vector bundle 
p : E — > M is a continuous map L : E — > M that is asked to be differen- 
tiable at least when it is restricted to the total space of the slashed bundle 
E 1 * = -E\{0} — > M, where {0} is the image of the null section, such that the 
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following conditions hold: 1) L is positively denned (i.e. its vertical hessian is 
positively defined) and L(x,y) > = L(x,0), (V)x e M and y 6 E x = p~ 1 (x); 
2) L is locally projectable on a transverse lagrangian; 3) there is a basic func- 
tion ip : M — > (0, oo), such that for every x <G M there is y £ E x such that 
L(x,y) — f(x). If a positively transverse lagrangian F is 2-homogeneous (i.e. 
F(x,Xy) = X 2 F(x,y), (V)A > 0), then F is called a finslerian; it is also a pos- 
itively admissible lagrangian, taking ip = 1, or any positive constant. For a 
foliated bundle, we can see the vertical bundle VTE = kerp* — >• _E as a vec- 
tor subbundle of vTe — > E by mean of the canonical projection TE — > vFe, 
since VTE is transverse to t.Fe . Notice that if p : E — > M is an afiine bundle, 
then the vertical hessian Hess L of a lagrangian L : E — > JR is a symmetric 
bilinear form on the fibers of the vertical bundle VTE, given by the second 
order derivatives of L, using the fiber coordinates (see [8] for more details using 
coordinates). 

We perform now the constructions of the higher order transverse bundle of 
a foliation and the related geometric objects used in the paper. 

Let us suppose that a foliation T is defined by a foliated atlas having the 
generic coordinates {x u , x u ) u= y^ u=Tq on a cnar t (U,ip), where p is the dimen- 
sion of the leaves and q is the transverse dimension. The local form of the 
pseudogroup according to the coordinates change, is x u = x u (x u 1 x u ) 1 x u = 
x u (x u ); here (x u ,x u ) are some coordinates in a chart (U',<f'), U R U' ^ 0, 
and the pseudogroup member is <p' o if^ 1 : <p(U R V) — > f'(U R V) C W x M q . 
The coordinates on TU are (x u , x u , y^ v>u , y^ w ) and the bundles tTjj and vTu 
(restricted to U), have as coordinates (x u ,x u ,y^ u ) and (x u , x w , y^ w ) respec- 
tively. 

Let us consider x € U. Two curves 71,2 : I a = (— a , a ) M, a > 0, 
have a transverse contact of order r > in if 71 (0) = 72(0) = xo and if 
r > 0, then ^2l^fl)l {Q) = £tj^Zl2l( ), (V)u = T^, j = T~F; we denote 

r,x 

71 ~ 72. The ,, transverse contact of order r" relation is an equivalence relation 
and all the classes 7 Xo , x e M, give ^ r J", i.e. the transverse space of order 
r of J- '. The canonical projection tt t : v r T — > M gives a local trivial bundle. 
The generic coordinates (x",a;") on [/ gives rise to some generic coordinates 

{x u ,x u ,yW u ,--- ,yW fi ) on v r Tu, where y^ a = 7, ^g ^" (0) and > is a 

class for ~ . Finally one obtain a generic local chart (v r Fu,v r if) on v r T in 
a suitable atlas, according to every generic chart (U, ip) on M, from a suitable 
atlas. We use notations and constructions according to the non-foliate case, 
according to [3, Sect. 6.1] and [7]. 

The generic coordinates (x u , x u , y^ u , • • • , y^ u ) on v r T\j change according 
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to the rules: 

x u ' = x u '(x u ,x a ) 
x u ' = x a '(x") 

y (\)u' = y(l)u^_ 

Ox 1 

U U 0x a U flyUJfi' 

Denoting x u = , one have, for < a < (3 < 7 < r: 

3y(7)«' Qy(l-<x)u' 



In particular, 



d y (r-l)W ^Q x u' 
Q y (r-l)u ~ Q x u ■ 



These formulas are true according to similar ones in the non-foliate case [3, 
Sect. 6.1]. 

Various bundle structures can be considered over a v r J-; for example, for 
< r' < r, the canonical projection 7r£, : v r T — > v r T is a foliated bundle. In 
particular, for r > 1, 7r^_j : v r T — > v r ~ 1 J : is a (foliated) afhne bundle for r > 1 
and tt^ : t/J" ->• v°F = M is a (foliated) vector bundle (for r = 1). 

Proposition 2.1 For 1 < r' < r, there is an inclusions of foliated submanifolds 
(in fact of foliated subbundles over M), l r r , : v r T — > v r T , where the inclusion 
assigns to an equivalence class in [7] £ f.m-F an equivalence class in v r m T that 
the first r — r' derivatives vanish, then the next r' derivatives are the same as 
the first r' derivatives 0/7. 

Proof. We use generic coordinates. Denoting z^ u — a\y^ u , a = l,r as 
new coordinates, the local form of is 

(x u ,x a , zW", • • • , z^ u ) 5 (z u , a; fi , 0, . . . , 0, z« fi , • • • , z( r >); 
using again generic coordinates, the local form of J£, is 

(x u , x a , y^ a , • • • , '-4 (x u , 0, . . . , 0, (r ~ T 1 , , + 1)! y (1)fi , • • • , ^y (r ' )s ). 

Using formulas (1), it easily follows that I r T , is globally defined. □ 
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Let us notice that the local form of J£_i is 

(x u ,x a ,y^ a , • • • , y^ u ) 5 (x u , * fi , 0, • • • , ^-iL^')*) 

and Ir is the identity of v r T . 

Thus we have I r {M) C /[(^J 7 ) C 7J(i/ 2 .F) C • • • C /£_ 1 (f r_1 .F) C ^'J". 

A transverse vector field X e r(z/J") lifts in this way to the transverse 
section /[(X) : M -» v r T of the bundle 7Tq : v r T -> M. An other lift can 
be constructed as follows. Denoting by 7^ the one parameter group of local 
transformations of X, we consider [7^0 (ra)] G v^ m J-. The simplest case is 
when A = is the null vector field; its lift is the null section r : M — > J 7 , 
r (m) = JJ(m). 

We denote by J 71 " the foliation on v r T . In a similar way as in the non-foliate 
case in [3, Sect. 6.1], we perform some constructions that are useful later. Notice 
that in the foliate case the transverse vT r play a role of a tangent space for v r J 7 , 
as the tangent space tT t M is for T r M in the non-foliate case in [3]. 

For every r > 1 and < r' < r, , the canonical projection 7r£, : v r T — > v r T 
induces a transverse map tk t , : vT r — > vT r that is a vector bundle map of 
foliated vector bundles; notice that 7rg = 7r r , J 70 = J 7 , v x T = vJ ", v Q T = M 
and ttq = n r . We denote the kernel vector subbundle bundle ker7f£, C vT r 
by V^r, it is a foliate vector bundle as well. Since for r\ < r-i < r$, one have 
n rt — n rl n rl an d = ^rl ° i ^ follows that there are foliated vector 
subbundles V;_ x C F r r _ 2 C • • • C V r C i/J 7 ". Notice that ^ r+1 J" C ^J" r is an 
affine subbundle over v r J 7 , for r > 1, while v x T = vT® = vT for r = 0. 

There is an r-transverse structures in the fibers of on vT r ', i.e. a vector 
bundle map J : ^J 7 *" — ► vT r (analogous of the r-tangent structures in the non- 
foliate case), and its dual J* : v*T r — \ v*T r ', given in generic local coordinates 

by 



^ 5 5 d 

J* = dx u ® - m _ -M?/ 1 )"® - , H h dyCi—i)« ,- 



A transverse r-non-linear connection is a splitting of j/J 71 " as a Whitney sum 
of transverse vector bundles 

V r- = V^®SE, (2) 

where Hq is the r-horizontal vector bundle, that is canonically isomorphic with 
(7f r )*z^7 7 . We denote by h : vT r — \ Hq the projector given by the above 
decomposition. Using generic local coordinates, the local form (on the fibers) 
of the projector h is 

(A fi , yw a , • • • , rM") \ (X a + n^-yW* + ■■■ + Nf r) -Y^). (3) 
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Given a transverse r-non- linear connection by a splitting (2), the consecutive 
images by J in the fibers of vT r , 

define some transverse vector subbundles of zaP", all isomorphic with 5q, sucn 
that there are the following Whitney sum decompositions 

V5 = R[®---® H r rl vT r = R r © R{ © • • • e (4) 

Notice that H r r = V,^_ 1 and we can prove the following result. 
Proposition 2.1 Any splitting vT r = V^_ 1 ®H^_ 1 gives rise to a splitting (2). 

Proof. The given splitting gives rise also to a splitting v*T r = (t^T_i)* ffi 

and denote W r (t^T_i)* C v*T T . Let us consider the consecutive 
images by J* in the fibers of v*T r , 

j* (w r ) = w r -\ ... ,J* (W 1 ) = W° 

defining some transverse vector subbundles of v*J" r , all isomorphic with (V7_i) * 
and where W° = (Vq)° is the polar (or the annihilator). Considering W = 
W 1 © • • • 8 W r , we have v*T r = (V r )° © W, thus W is isomorphic with (% r )*. 
It follows that the inclusion (Vq~) C v*F r reverses by duality to a transverse 
epimorphism (in fact a projector) II : vT r — > Vq that gives a splitting (2), 
where Hq — ker II. □ 

Using generic local coordinates, the local form (on the fibers) of the projector 
n : vT r V;_ x is 

(x fl , • • • , rM") 4 (Mf 0)s x 5 + Mf^y^ 5 • • • + m^^y^- 1 ^ + r (r) "). 

(5) 

The local coefficients N and M in formulas (3) and (5) respectively are called 
as dual coefficients in [3, sect. 6.6]. 

A transverse r-semi-spray is a foliate section S : v r J- — > v r+ \F of the affinc 
bundle 7r^ +1 : v rJrl T — > ^ r J r . Since ^ r+1 J r C ^J 7 *", it follows that an r-semi- 
spray can be regarded as well as a transverse section S : v r T — > vT r \ using 
generic local coordinates, the local form of S : v r T — > u r+1 J r is 

Or", x s , y« s , • • • , y^ u ) 4 (x u , x u , y (1)a , • • • , ry^ u , (r + l)5 s (x fi , y™*, • • • , y^)). 

(6) 

Proposition 2.2 v4ny transverse r-semi-spray gives rise to a transves r-non- 
linear connection, i.e. a splitting (2). 
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Proof. If X e Y(vT r ) is a transverse section, let us denote by L x the 
transverse Lie derivation induced in the transverse tensor algebra. As in the 
non- foliate case in [2], the operators 

h = ^- l {kI-L s J),v = 1 ^- i {I + L s J) (7) 

are complementary projectors on the fibers of the transverse bundle vT r — > v r T 
and v{yT r ) — V^_ 1 . Using Proposition 2.1, a transves r-non-linear connection 
is obtained. □ 

Using generic coordinates, it can be proved using (7), that the dual coeffi- 
cients (5) of the non-linear connection are given by the formulas 



A fact that we use latter is the following result. 



Proposition 2.3 A transves r-non-linear connection and a transverse rieman- 
nian metric in the fibers of V^_ x lifts to a transverse riemannian metric on 
vT r '. Conversely, a transverse riemannian metric on vT r gives a transves r- 
non-linear connection and a transverse riemannian metric in the fibers ofV^_ l . 

Proof. Every riemannian metric in the fibers of V^_ 1 = Hq = (ttq)* vT 
lifts to transverse riemannian metrics on H[, ... and consequently to a 
riemannian metric on vT r , that becomes a riemannian foliation. Conversely, if 
T T is a riemannian foliation, then a transverse riemannian metric in the fibers 

of vT r gives a decomposition (2), where Hq = (U r ) and induces a transverse 
riemannian metric in the fibers of the vector subbundlc H^. □ 

The r-transverse non-linear connections, semi-sprays and riemannian metrics 
are involved in the case of regular r-transverse lagrangians that we consider in 
the sequel. 

An r-transverse lagrangian (a transverse lagrangian of order r > 1, i.e. lo- 
cally projectable on an r-lagrangian) is a continuous real map L : v r T — > 2R, 
smooth on an open fibered submanifold v^F C v r T . The cases studied in the 
paper are when v^T =v r J 7 , i.e. L is smooth, or when v r F\vlF contains 
I^_ 1 (u r ^ 1 J 7 ), i.e. L is slashed. For sake of simplicity, we perform the next 
constructions in the case of a smooth L, in the slashed case we must be care of 
domains where the objects are defined. The vertical hessian of L is the bilinear 
form h in the fibers of V^_ 1 , given in some generic coordinates by 

d 2 L 



dy(r)uQ y (r)v ' 



We say that L is regular if its vertical hessian is non-degenerated. The fibers 
of the fibered manifold v r T — \ v r ~ 1 T arc affine spaces. Using (1), the generic 
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coordinates on fibers change according the formulas 



ry (r)U =r(y (r-l)«' )+ry (r) fi g_ j 

where 

Proposition 2.4 a) If an r-lagrangian L is regular, then it can define canoni- 
cally a transverse r-semi-spray and a transverse r-non linear connection. 

b) If the vertical hessian of an r-lagrangian L is positively defined, then T r 
is a riemannian foliation. 

Proof. In order to prove a) it suffices to construct a transverse r-semi-spray. 
Then a transverse r-non linear connection can be constructed by Proposition 
2.2. We use generic local coordinates, according to formula (6). As in the non- 
foliate case [3, Theorem 8.8.1] (see also [1]), the local form of the functions S u 
can be taken according to the formula 

dL \ dL 



2(r + l) V V% (r) V <9y (r ~ 1)s 

where (h uv ) = (huv)^ 1 ■ In order to prove b), one construct a transverse rieman- 
nian metric H in the fibers of vT r , using its decomposition given by formula 
(4) and taking into account that all the summands are isomorphic with V£_i, 
where h is a riemannian metric on fibers. □ 

According to the case of trivial foliation of M by points in [7], v r ~ x T x m 
v*T n = v r *T play the role of the vectorial dual of the affine bundle v r T — > 
v r ~ x T. The usual partial derivatives of L in the highest order transverse coor- 
dinates define a well-defined Legendre map C : v r — > v r *T, i.e. 

Or", x\ • • • , y^) 4 (x u , x\y (1 ^, • • • , y (r ~^, ^-). 

If L is regular, then £ is a local diffeomorphism. If £ is a global diffeomor- 
phism we say that L is hyperregular. We say that H : v r *T — >• M, H = L o £ _1 
is the pseudo-hamiltonian associated with L. If Hr 1 has the local form 

£-\x u , x fl , y« s , • • • , y {r - 1)u , Pa ) = (x u , x s , yW*, • • • , y^*, H u (x u , x fi , y^ a , ■ 

then H has the local form 

tj ( „u „u (l)u (r—l)u ^ \ t { 'u 'ii (l)u (r — l)u tju { u. (l)u 

H(x ,x ,y y ' , ••• ,y y ' ,p u ) = L(x , x , y y ' , • • • , y y ' , H (x , x , y K > , ■ 

For < r' < r, let us denote j/",(r-r')* j- = v r' jr Xm (y*F) r - r \ where 

(^*J r ) r_r = v*T Xm ■ ■ ■ Xm v*T ', with the fibered product of (r — r')-times. In 
particular, v r * = i/ r ~ 1 ' r *J r = v r ^ 1 T x M v*T. 



A transverse slashed lagrangian of order r is a continuous map L r : v r T — > R 
that is differentiable on an open fibered submanifold v r % T <Zv r J- 1 called a slashed 
bundle. All the above constructions can be adapted for slashed lagrangians. 

Let us suppose that L r is hyperregular, i.e. the Legendre map C^' : i>£ — > 
u i,(r-i)*jr _ v r-\jr Xm v *j: j s an diff eornor phism on its image Let us sup- 
pose also_that £M «) = vl' (r ~ 1] * T = v^T x M v%T\ here v%T = v*T\{<S) 
(where {0} is the zero section) and v r ~ x T is a slashed subbundle of v r ~ x T. We 
denote by H 1 ' r ~ 1 = L r o (£( r )) : i/*'^" _1 ^*.F — > R its pseudo-hamiltonian. 
(See [7] for its classical definition and [9] for a coordinate description of the 
whole construction in the non- foliate case). Analogous, for < j < r — 1, we 
suppose, step by step, backward from r — 1 from 0, that there the usual partial 
derivatives of : yJ+Mr-j-i)*^ = ^^jr Xm (^) j+1 -> J2 in the 

highest order transverse coordinates (of order j + 1) define a well-defined Leg- 
endre map £0+1) : ^ = ^'+^ x M K^T"'" 1 -> ^ r -i>T = 

v^Txm {v*T) r ~ 2 . We suppose that £0 +1 ) is a diffcomorphism on its image and 
the image is exactly (j+^r-i-V* = ^(r-i)* T = ^ Txm („*JF) r -^ 

Then the pseudo-hamiltonian Z,W = o (£0 +1 )) _1 : ^' (r_j) *.F -> JR 

can be considered. Finally, for j = 0, we obtain a transverse slashed la- 
grangian L(°) = L 1 o : v* ,r *J r = (v*J-) r — > R and we suppose that 

£ (1) . J/ l,(r-l). <77= ^ XM( ^r-l ^ yO.r.jr = (l/;>F) r c ^o.r.j- = jry ^ 

a diffeomorphism. It follows a diffcomorphism C = C^o- ■ -o£( r ) : — > (v*J-) r 
and a transverse slashed lagrangian : (^* J 7 ) 1 * — > R. The d diagonal 

inclusion v* T — > (y* F) r sends v'^T — > (v*J-) r . We suppose that the restric- 
tion of L(°) to the diagonal is a positively admissible lagrangian on v*T, in 
fact a transverse hamiltonian H : v*^T — > R. If the given transverse lagrangian 
L r : v T T — > R fulfills all the above conditions, we say that L itself is a positively 
admissible lagrangian (of order r) and H is its diagonal hamiltonian. 

The existence of a lifted metric, from the base space to the higher order 
tangent bundle, is an well-known fact in the non-foliate case (see, for example 
[3, Sect. 9.2]); we have to consider a simpler construction in the foliated case, 
that it is also vertically exact, as in [7, 9]. 

Proposition 2.5 Any transverse metric g on vF gives canonically a positively 
admissible lagrangian of order r and a canonical vertically exact invariant 
riemannian metric g^ on v T T , for any r > 1. 

Proof. We proceed by induction over r > 1. We consider the quadratic first 
order lagrangian : vT ->■ R, L {1 \x,y { ^) = g x (y {1) , y {1) ). The Levi-Civita 
connection of the transverse metric g on vF gives rise to the geodesic first order 
spray : vT — > v 2 T of and to a second order lagrangian : v 2 T — > 
R, L^){x,y^\y^) = L (1 \x, y (1 *>) + L^(x, — S (1 \x, y^)). Assume that 
L^ -1 ) : v r ~ 1 T — > R has been constructed. An (r — l)-order spray 



9 



j^r+ijr can k e constructed according to Proposition 2.4, since L^ r ^ is r-regular. 
It follows L« : v r T -> J?, L< r )(x, j/W, . . . , j/W) = L^" 1 )^, , . . . ,i/< r_1 >) + 
L^\x, — S^*" -1 )), that is a positively admissible lagrangian of order r ; the 
diagonal hamiltonian of L^ r > is just the dual hamiltonian of lP-> . According to 
Proposition 2.3, the lagrangian gives rise to an invariant riemannian metric 
in the fibers of vT r , that is vertically exact. □ 

3 The main results 

We can state and prove the main results of the paper. 

Theorem 3.1 The lifted foliation T r is riemannian for some r > 1 iff J 7 is 
riemannian. 

Proof. The sufficiency is well-known and it can be inferred by Proposition 
2.5. The necessity follows considering the submanifold inclusion Iq(M) C v r J 7 . 
The induced invariant riemannian metric on the foliation induced on Iq(M) 
gives an invariant riemannian metric on vJ 7 , thus T is riemannian. □ 

We say that a foliation J 7 is transversely almost parallelizable if there is a T- 
transverse vector bundle £ over M, such that £©zaF is transversely parallelizable. 
Obviously, if a foliation T is transversely parallelizable, then it is a riemannian 
one. 

Corollary 3.1 If the lifted foliation T r is transversely parallelizable of almost 
parallelizable, then J 7 is a riemannian foliation. 

The proof of Theorem 3.1 can not give any answer to the following question: 
when is J 7 riemannian if the foliation induced on v r 'F\I^_ 1 (i' r ~ 1 'F) is rieman- 
nian for some r > 1? We are going to relate this question to the existence of a 
certain transverse slashed lagrangian L r of order r, asking that the open subset 
v^T Cv r T that does not contains I^_ 1 (u' r ~ 1 T). We say that a such lagrangian 
L r is r-rcgular if its vertical hessian, according to the induced affinc bundle 
structure 7r^_ x : v r J 7 — > v r ~ 1 F 1 is non-degenerate. In order to give an answer 
to the above question, we are going to consider below some other regularity 
conditions for these slashed lagrangians of order r, as follows. 

A transverse bundle of order r, v r J 7 can be regarded as a fibered manifold 
<, : v r T v r ' J 7 , (V)0 <r' < r. We denote v r '^ r - r '>T = v r ' T x M (v*J 7 ) r ~ r ' 
(where {v*J 7 ) r ^ r = v*T x M • • • x M v*F, with the fibered product of (r - re- 
times and v*T is the transverse bundle dual to vJ 7 ). 

In particular, according to the case of trivial foliation of M by points in 
[7], u 1 ^ r ~ 1 >'F = v r - x T x M v*T is denoted by v r *M and play the role of the 
vectorial dual of the affine bundle v r T — > v r ~ x J 7 . 

A transverse slashed lagrangian of order r is a map L r : v r T —t M that is dif- 
ferentiable on an open subset v^T dv r J 7 , where v r J 7 contains I r r _ 1 (v r ~ 1 J 7 ). 
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We denote by v\ T — Tt r r ,(vlT) <Zv r T and we consider the slashed bundles 
v%T = v*F\{d} and v r * ' (r ~ r ' ] * T = v r J fx M K*J") r ~ r ', for < r' < r - 1. The 
elements of a fiber (vl ^ r ~ r ^* T) of vl ^ r ~ r — > M are couples of higher 

V / ;m 

order elements and (r — r') first order momenta. The usual partial derivatives 
of L in the highest order transverse coordinates define a well-defined Legendre 
map r^" 1 ) : < -> iA^ 1 )*^ = v r - x Tx M v*T. We suppose first that £< r ) is a 
diffeomorphism on its image and the image is exactly^- 1 ) «) = vl' {r ~ x >T = 
vl~ X T Xm <F. Then the energy L^" 1 ) : i^' (r_1) *.F -> JR of the dual affine 
hamiltonian of L (see [7] for its classical definition and [9] for a coordinate 
description of the whole construction in the non- foliate case). Analogous, for < 
j < r — 1, we suppose, step by step, backward from r — 1 from 0, that there the 
usual partial derivatives of L^+ l ) : ui +h{r ~ j ~ 1) *J r = v r - 3 - x Tx M -> 
J? in the highest order transverse coordinates (of order define a well-defined 
Legendre map £^+i) . v i+Ur-j-i>jr = ^JFxm K-TT"'" 1 -»■ vM r -*>F = 
v 3 T x m (v* F) r 3 . We suppose that is a diffeomorphism on its image and 

the image is exactly Z^ +1 ) (i?^-^* T) = ^'^T = viFx M {K^Y~ j ■ 

Then the energy : i4'^ r ~^* T — > M of the dual affine hamiltonian of L^ +1 ^ 
can be considered. Finally, for j = 0, we obtain a transverse lagrangian 
v^' r *T = (v*J-) r — > M as the energy of the dual affine hamiltonian and 
we suppose that £W : ul' (r ~ 1] * T = v*T x M (^7") r_1 -> ^'"J" = (^J") r C 
v a - x *T = {v*J-) r is a diffeomorphism. It follows a diffeomorphism C = Z^ 1 -* o 
• • • o : ^£ -> (vlF) r and a transverse lagrangian : {vt^Y -> M. The 
canonical diagonal inclusion v*T — > (z^* J 7 ) 1 * sends v*J- — > (v^F) 1 " . We suppose 
that the restriction of to the diagonal is a positively admissible lagrangian 
on v* J 7 , in fact a transverse hamiltonian H : v*T — > 1R. If the given transverse 
lagrangian L r : v r F — > M fulfills all the above conditions, we say that L itself is 
a positively admissible lagrangian (of order r) and H is its diagonal hamiltonian. 

The vertical bundle V of the affine bundle 7r£_i : v r T — > v r ~ x T has the form 
(ttq)* vT — > v r T . We say that a transverse metric g on v r T is vertically exact 
if there is a positively admissible lagrangian of order r, L : v r T — > M such that 
the restriction of g to V is the same as the vertical hessian Hess L. We say in 
this case that the riemannian foliation T r is vertically exact. These definitions 
can be easily adapted for the case of slashed bundles vl T . 

The main technical tool to prove the necessity of Theorems 3.2 and 3.3 below 
is the following result proved in [10, Proposition 2.2]. 

Proposition 3.1 Let pi : E\ — > M and p2 : E 2 — ► M be foliated vector bundles 
over a foliated manifold (M, J 7 ) and q 2 : E 2 * — > M be the slashed bundle. If 
there are a positively admissible lagrangian L : E 2 — > M and a metric b on 
the pull back bundle q%E\ — \ E2*, foliated with respect to J-E 2t , then there is a 
foliated metric on E\, with respect to T . 
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We can now state and prove the following Theorems. 

Theorem 3.2 Let J 7 be a foliation on a manifold M and Tq be the lifted folia- 
tion in a suitable slashed bundle v^T of the r-normal bundle v r T . Then Tq is 
riemannian and vertically exact for some r > 1 iff J 7 is riemannian. 

In particular, it follows that any transverse metric g on vF gives rise to a 
canonical lagrangian on v r T , coming from the vertical part of the vertically 
exact invariant riemannian metric on vT r . So, it is natural to ask that only the 
existence of a lagrangian on v r T guaranties that T is riemannian. One have a 
positive answer, as follows. 

Theorem 3.3 // (M, F) is a foliated manifold, then there is a positively ad- 
missible lagrangian on v r T for some r > 1 iff the foliation F is riemannian. 

Proof (of Theorems 3.2 and 3.3). The sufficiency for both Theorems follow 
by Proposition 2.5. The necessity for Theorem 3.3 follows using Proposition 3.1 
with Ei = E 2 = v*F and H the diagonal hamiltonian. Finally, the necessity 
for Theorem 3.2 follows thanks to Theorem 3.3 for the positively admissible 
lagrangian on v 7 F ', given by the condition that the riemannian metric on v 7 ' F 
is vertically exact. □ 

Finally, as in [10], the following question arises: can we drop in Theorem 3.2 
the condition that Fq is vertically exact? 
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